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HEUN’S DIFFERENTIAL EQUATION AND ITS q-DEFORMATION
KOUICHI TAKEMURA
Abstract. The q-Heun equation is a q-difference analogue of Heun’s differential equation. We
review several solutions of Heun’s differential equation and investigate polynomial-type solutions
of q-Heun equation. The limit q → 1 corresponding to Heun’s differential equation and the
ultradiscrete limit q → 0 are considered.
1. Introduction
Special functions have rich structures from the viewpoint of mathematics, and they have been
applied to several branches of science. A typical example of the special functions is the Gauss
hypergeometric function and it is characterized as a solution of the Gauss hypergeometric differential
equation, which is a standard form of the second order linear differential equation with three regular
singularities {0, 1,∞} on the Riemann sphere.
A standard form of second order linear differential equation with four regular singularities {0, 1, t,∞}
is given by
(1)
d2y
dz2
+
(
γ
z
+
δ
z − 1
+
ǫ
z − t
)
dy
dz
+
αβz −B
z(z − 1)(z − t)
y = 0
with the condition γ+δ+ǫ = α+β+1, and it is called Heun’s differential equation. The parameter B
is called an accessory parameter, which is independent from the local exponents. Heun’s differential
equation and the differential equations of its confluent type appear in several systems of physics
including quantum mechanics, general relativity, crystal transition and fluid dynamics (e.g. see
[9, 11, 3]).
A q-difference analogue of the Gauss hypergeometric function is called the basic hypergeometric
function or q-hypergeometric function, and it has been studied vastly (see Gasper-Rahman [5]).
Hahn [4] introduced a q-difference analogue of Heun’s differential equation of the form
{a2x
2 + a1x+ a0}g(x/q)− {b2x
2 + b1x+ b0}g(x) + {c2x
2 + c1x+ c0}g(xq) = 0,
where a2a0c2c0 6= 0. It was rediscovered in [12] by the fourth degeneration of Ruijsenaars-van Diejen
system ([14, 10]) or by specialization of the linear difference equation associated to the q-Painleve´
VI equation ([6]). Recently, the q-Heun equation appears in the study of the Heun-Askey-Wilson
algebra ([1]).
In this paper we review several solutions of Heun’s differential equation and apply similar methods
to some solutions of q-Heun equation. Note that Heun’s differential equation is recovered from the
q-Heun equation by the limit q → 1 (see Eq. (8) and around that).
On the q-Heun equation, we may consider ultradiscrete limit q → +0. Then we expect thet the
situation q = 0 is simpler and it may help analysis of solutions of the q-Heun equation.
2. A review of some solutions of Heun’s differential equation.
First we investigate local solutions of Heun’s differential equation about the regular singularity
z = 0. Namely we investigate the solution to Eq. (1) of the form y = zµ(c˜0+ c˜1z+ c˜2z
2+ · · · ) where
c˜0 = 1. By substituting it into Eq. (1), we find that the value µ is either 0 or 1 − γ. These values
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are called exponents about the regular singularity z = 0. We can also calculate the exponents of
other regular singularities and we can read them from the following Riemann scheme.
 z = 0 z = 1 z = t z =∞0 0 0 α
1− γ 1− δ 1− ǫ β


Then the parameter B in Eq. (1) is independent from the exponents and it is called the accessory
parameter.
We now consider the solution of Eq. (1) about z = 0 of the exponent 0, which is written as
(2) y =
∞∑
n=0
c˜nz
n, (c˜0 = 1).
By substituting it to Eq. (1), the coefficients satisfy tγc˜1 = Bc˜0 and
(3) tn(n− 1 + γ)c˜n = [(n− 1){(n− 2 + γ)(1 + t) + tδ + ǫ}+B]c˜n−1 − (n− 2+ α)(n− 2 + β)c˜n−2,
for n = 2, 3, . . . . If t 6= 0, 1 and γ 6∈ Z≤0, then the coefficients c˜n are determined recursively. If we
fix the accessory parameter B, the convergent radius of the formal solution y in Eq. (2) is non-zero
and no less than min(1, |t|). The solution y was denoted by Hl(t, B;α, β, γ, δ; z) in [9]. Thus we
can obtain a local solutions to Heun’s differential equation. Another solution can be obtained in the
form y = z1−γ(c˜′0 + c˜
′
1z + c˜
′
2z
2 + · · · ).
A main problem of Heun’s differential equation is to investigate the value of the accessory pa-
rameter B such that the differential equation admits a good global solution.
One type of a good solution is the non-zero solution which is simultaneously holomorphic about
z = 0 and 1, which might be concerned with two-point boundary value problem. For simplicity we
assume that |t| > 1. Then the convergent radius of general local solution about z = 0 is 1. For
a special value of the accessory parameter B, the radius of convergence would be greater than 1.
Then the solution is simultaneously holomorphic about z = 0 and 1. The condition of the accessory
parameter B had been studied in several literature (e.g. see [9]), though the description is numerical.
Another type of a good solution is the polynomial solution. We can check that a necessary
condition for having a non-zero polynomial solution is that α or β is a non-positive integer. Here we
regard the accessory parameter B to be an indeterminate. Then the coefficient c˜n is a polynomial
in B of degree n and we denote it by c˜n(B).
We assume that α = −N or β = −N for some N ∈ Z≥0. It follows from Eq. (3) for n = N + 2
that
t(N + 2)(N + 1 + γ)c˜N+2(B) = [(N + 1){(N + γ)(1 + t) + tδ + ǫ}+B]c˜N+1(B) + 0 · c˜N (B).
Let B0 be a solution to the algebraic equation c˜N+1(B) = 0 of order N + 1, i.e. c˜N+1(B0) = 0.
Then we have c˜N+2(B0) = 0 by the above equality. By applying Eq. (3) for n = N + 2, N + 3, . . . ,
we have c˜n(B0) = 0 for n ≥ N + 3. Hence, if c˜N+1(B0) = 0, then the differential equation (1) have
a non-zero polynomial solution. More precisely, we have the following proposition.
Proposition 1. ([15, 9]) Assume that t 6∈ {0, 1}, γ 6∈ Z≤0, (α + N)(β + N) = 0 and N ∈ Z≥0.
If B is a solution to the equation c˜N+1(B) = 0, then the differential equation (1) have a non-zero
polynomial solution of degree no more than N .
We call c˜N+1(B) the spectral polynomial. The polynomial solution y = c˜0 + c˜1z + · · · + c˜Nz
N
is called the Heun polynomial. Analysis of the spectral polynomial is one of the main problem of
Heun’s differential equation, and sometimes applied to physics. Note that the Heun polynomials
describe the eigenfunctions related with quasi-exact solvability.
Although the spectral polynomial c˜N+1(B) may have non-real roots or multiple roots in general,
we have a sufficient condition that the spectral polynomial has only distinct real roots. Namely, if
(α + N)(β + N) = 0, N ∈ Z≥0, δ,ǫ and γ are real, γ > 0, δ + ǫ + γ + N > 1 and t < 0, then the
equation c˜N+1(B) = 0 has all its roots real and distinct. Note that it can be proved by applying
the argument of Sturm sequence (see [2] for details).
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3. Solutions to q-Heun equation
We adopt the expression of the q-Heun equation as
(x − qh1+1/2t1)(x − q
h2+1/2t2)g(x/q) + q
α1+α2(x− ql1−1/2t1)(x − q
l2−1/2t2)g(qx)(4)
−{(qα1 + qα2)x2 + Ex+ q(h1+h2+l1+l2+α1+α2)/2(qβ/2 + q−β/2)t1t2}g(x) = 0
(see [12, 13]). The parameter E play the role of the accessory parameter.
We investigate the solution to Eq. (4) of the form y = xµ(c0+ c1x+ c2x
2+ · · · ) where c0 = 1. By
substituting it into Eq. (4), we find that the value µ is either (h1 + h2− l1− l2−α1 −α2− β+2)/2
or (h1 + h2 − l1 − l2 − α1 − α2 + β + 2)/2. Write
(5) f(x) = xλ1
∞∑
n=0
cnx
n, λ1 =
h1 + h2 − l1 − l2 − α1 − α2 − β + 2
2
,
and substitute it into Eq. (4). Then the coefficients cn (n = 1, 2, . . . ) are determined recursive by
cnt1t2[q
h1+h2(1− qn)(1− qn−β)](6)
= cn−1[Eq
n−1+λ1 + q1/2(qh1t1 + q
h2t2) + (q
l1t1 + q
l2t2)q
2(n+λ1)+α1+α2−5/2]
−cn−2[q(1 − q
n−2+λ1+α1)(1 − qn−2+λ1+α2)],
with the initial condition c0 = 1 and c−1 = 0 (see [13, 7]). If we regard E as an indeterminant, then
cn is a polynomial of E of degree n, and we denote it by cn(E)
If λ1+α1 is a non-positive integer, then 1−q
n−2+λ1+α1 = 0 for n = −λ1−α1+2 and we may apply
a similar argument of the polynomial solutions of Heun’s differential equation. The polynomial-type
solution of the q-Heun equation, which is written as a terminating series, is described as follows.
Theorem 2. ([7]) Let λ1 be the value in Eq. (5) and assume that −λ1−α1(:= N) is a non-negative
integer and β 6∈ {1, 2, . . . , N,N + 1}. Set c−1(E) = 0, c0(E) = 1 and we determine the polynomials
cn(E) (n = 1, . . . , N + 1) recursively by Eq. (6). If E = E0 is a solution of the algebraic equation
cN+1(E) = 0,
then q-Heun equation defined in Eq. (4) has a non-zero solution of the form
(7) f(x) = xλ1
N∑
n=0
cn(E0)x
n.
We call cN+1(E) the spectral polynomial of the q-Heun equation, and we call f(x) in Eq. (7) the
polynomial-type solution, which is a product of xλ1 and a polynomial.
We may use the theory of Sturm sequence from the three term relations in Eq. (6) and we obtain
real root property of the spectral polynomial cN+1(E).
Theorem 3. ([7]) Assume that N = −λ1 − α1 is a non-negative integer, t1, t2, h1, h2, l1, l2, α1,
α2, β are all real, t1t2 > 0 and q is a positive number such that q 6= 1. If α2 − α1 < 1 and β > −1,
then the equation cN+1(E) = 0 has all its roots real and distinct.
By the theorem, we can label the roots of the spectral polynomial cN+1(E) asE1(q), E2(q), . . . , EN+1(q)
such that E1(q) < E2(q) < · · · < EN+1(q) for 0 < q < 1. Note that the real root property of the
spectral polynomial for several other cases were shown in [7].
4. Limit to Heun’s differential equation
We consider the limit q → 1 for the q-difference equation and its solutions. For the q-difference
equation, the limit q → 1 was discussed in [12] and we review it here. Set q = 1+ ε and replace the
accessory parameter E to B by the relation
E = −2(t1 + t2)− εC1 + ε
2(B − C2),
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where
C1 = (α1 + α2)(t1 + t2) + (l1 + h1)t1 + (l2 + h2)t2,
C2 =
t1
2
{
h21 + (α1 + α2 + l1 − 1)
2 −
1
2
}
+
t2
2
{
h22 + (α1 + α2 + l2 − 1)
2 −
1
2
}
.
By using Taylor’s expansion
g(x/q) = g(x) + (−ε+ ε2)xg′(x) + ε2x2g′′(x)/2 + O(ε3),
g(qx) = g(x) + εxg′(x) + ε2x2g′′(x)/2 +O(ε3),
we rewrite Eq. (4) as a series of ε. Then the coefficients of ε0 and ε1 are cancelled and the coefficient
of ε2 is written as
x2(x− t1)(x − t2)g
′′(x)(8)
+[(1 + h2 − l2)x(x − t1) + (1 + h1 − l1)x(x − t2) + (l˜ − 1)(x− t1)(x− t2)]xg
′(x)
+[α1α2x
2 −Bx + t1t2(l˜/2− 1 + β/2)(l˜/2− 1− β/2)]g(x) = 0,
where l˜ = l1 + l2 +α1 +α2 − h1− h2 (see also [12]). Heun’s differential equation was obtained from
Eq. (8) by setting z = x/t1 and g(x) = x
1−l˜/2−β/2g˜(z) in [12]. Here we obtain Heun’s differential
equation by restricting the parameters. Set l˜/2− 1 + β/2 = 0 (⇔ λ1 = 0), t1 = 1 and t2 = t. Then
we obtain Heun’s differential equation
d2y
dx2
+
(
γ
x
+
δ
x− 1
+
ǫ
x− t
)
dy
dx
+
α1α2x−B
x(x− 1)(x− t)
y = 0,
where γ = 1− β, δ = 1 + h1 − l1 and ǫ = 1 + h2 − l2.
We consider the limit of the coefficients of the local expansion in Eq. (5). By the limit ε → 0
(⇔ q → 1), the recursive relation Eq. (6) tends to the following equation
cnn(n− β)t1t2 = cn−1[B + (n+ λ1 − 1){(n+ λ1 − h1 + l1 + α1 + α2 − 2)t1(9)
+(n+ λ1 − h2 + l2 + α1 + α2 − 2)t2}]− cn−2[(n− 2 + λ1 + α1)(n− 2 + λ1 + α2)].
If β is not positive integer, then the coefficients cn (n = 1, 2, . . . ) are determined recursively by
setting c0 = 1 and c−1 = 0, and cn is a polynomial of B of degree n. We denote cn by c˜n(B).
To discuss polynomial-type solutions, we assume that −λ1 − α1 is a non-negative integer and β 6∈
{1, 2, . . . , N + 1}, where N = −λ1 − α1. As Theorem 2, we can show that Eq. (8) has a non-zero
solution of the form f(x) = xλ1{1 + c1x + · · · + cNx
N}, if B = B0 is a solution of the algebraic
equation c˜N+1(B) = 0. We can obtain real root property of the spectral polynomial c˜N+1(B) by
using the theory of Sturm sequence. Namely, if t1, t2, h1, h2, l1, l2, α1, α2, β are all real, α2−α1 < 1
and β > −1, then the equation c˜N+1(B) = 0 has all its roots real and distinct. Hence we can label
the roots of the spectral polynomial c˜N+1(B) as B1, B2, . . . , BN+1 such that B1 < B2 < · · · < BN+1.
Combining with the limit procedure, we have
Bj = C2 + lim
q→1−0
Ej(q) + 2(t1 + t2) + (q − 1)C1
(q − 1)2
.
We restrict the parameters in Eq. (9) to discuss with Heun’s differential equation. Set λ1 = 0,
t1 = 1 and t2 = t. Then it follows from λ1 = 0 that α1 + α2 = h1 + h2 − l1 − l2 − β + 2 and
n(n− β)tcn = [B + (n− 1){(n+ h2 − l2 − β) + (n+ h1 − l1 − β)t}]cn−1
−(n− 2 + α1)(n− 2 + α2)cn−2.
Hence we recover Eq. (3) by setting γ = 1− β, δ = 1+ h1 − l1, ǫ = 1+ h2 − l2 and replacing α and
β with α1 and α2.
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5. Analysis of the spectral polynomial by the ultradiscrete limit
In general it would be impossible to solve the roots of the spectral polynomial cN+1(E) of q-
Heun equation and those of Heun’s differential equation explicitly. To understand the roots of the
spectral polynomial, we may apply the ultradiscrete limit q → +0. In [7], the behaviour of the roots
E = E1(q), E2(q), . . . , EN+1(q) of cN+1(E) = 0 by the ultradiscrete limit was studied in some cases.
As discussed in [7], we define the equivalence ∼ of functions of the variable q by
a(q) ∼ b(q) ⇔ lim
q→+0
a(q)
b(q)
= 1.
We also define the equivalence
∑M
j=0 aj(q)E
j ∼
∑M
j=0 bj(q)E
j of the polynomials of the variable
E by aj(q) ∼ bj(q) for j = 0, . . . ,M . If
∑M
j=0 aj(q)E
j ∼
∑M
j=0 cjq
µjEj for some cj ∈ R \ {0}
(j = 0, 1, . . . ,M), then we call
∑M
j=0 cjq
µjEj the leading term of
∑M
j=0 aj(q)E
j .
We are going to find simpler forms of the polynomials cn(E) (n = 1, 2, . . . , N +1) determined by
Eq. (6) with respect to the equivalence ∼. For simplicity, we assume
(10) 0 < q < 1, N = −λ1 − α1 ∈ Z≥0, β < 1, α2 − α1 < 1, t1 > 0, t2 > 0, h1 < h2, l1 < l2,
which was also assumed in [7, 8]. The condition in Eq. (10) implies the condition in Theorem 3 such
that the roots of the spectral polynomial cN+1(E) are real and distinct. It was shown in [7] that if
1+ h2− l2− β > 0 and the condition in Eq. (10) is satisfied, then the three term relation in Eq. (6)
is simplified as
cn(E) ∼ t
−1
1 t
−1
2 [Eq
n−1−h1−h2+λ1 + t1q
1/2−h2 ]cn−1(E)− t
−1
1 t
−1
2 q
2n−1−l1−l2−βcn−2(E)
for n = 1, 2, . . . , N + 1 under the assumption that there are no cancellation of the leading terms of
the coefficients of Ej (j = 0, 1, . . . , n− 1) in the right hand side. By adding one more condition, we
may ignore the term t−11 t
−1
2 q
2n−1−l1−l2−βcn−2(E) and we have the following theorem.
Theorem 4. ([7]) We assume Eq. (10), 1 + h2 − l2 − β > 0 and 2 + 2h2 − l1 − l2 − β > 0.
(i) The spectral polynomial cN+1(E) satisfies
cN+1(E) ∼ (t1t2)
−N−1q(N/2+λ1−h1−h2)(N+1)(E + q1/2−N+h1−λ1t1)(E + q
3/2−N+h1−λ1t1)
· · · (E + q−1/2+h1−λ1t1)(E + q
1/2+h1−λ1t1).
(ii) The roots Ek(q) (k = 1, . . . , N+1) of the spectral polynomial cN+1(E) such that E1(q) < E2(q) <
· · · < EN+1(q) satisfies
Ek(q) ∼ −q
k−N−1/2+h1−λ1t1.
We can investigate the asymptotic of the zeros of the Heun polynomial in Eq. (7) as q → +0 on
the situation of Theorem 4.
Theorem 5. ([7]) Let k ∈ {1, 2, . . . , N+1}. Assume Eq. (10), 1+h2−l2−β > 0, 2+2h2−l1−l2−β >
0 and the value E = EN+2−k(q) is a solution of the characteristic equation cN+1(E) = 0 such that
EN+2−k(q) ∼ −q
3/2−k+h1−λ1t1. The Heun polynomial
∑N
n=0 cn(EN+2−k(q))x
n has zeros x = xj(q)
(j = 1, . . . , N) for sufficiently small q, which are continuous on q and satisfy
lim
q→+0
xj(q)
qj−1/2+h2 t2
= 1, (j = 1, . . . , k − 1), lim
q→+0
xj(q)
−q−2j−1/2−h2+l1+l2+βt1
= 1, (j = k, . . . , N).
Note that several other cases of the ultradiscrete limit of the spectral polynomial were studied in
[7, 8].
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